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DEFORMATIONS OF CANONICAL PAIRS AND FANO VARIETIES
TOMMASO DE FERNEX AND CHRISTOPHER D. HACON
Abstract. This paper is devoted to the study of various aspects of deformations of log
pairs, especially in connection to questions related to the invariance of singularities and
log plurigenera. In particular, using recent results from the minimal model program, we
obtain an extension theorem for adjoint divisors in the spirit of Siu and Kawamata and
more recent works of Hacon and McKernan. Our main motivation however comes from
the study of deformations of Fano varieties. Our first application regards the behavior of
Mori chamber decompositions in families of Fano varieties: we prove that, in the case of
mild singularities, such decomposition is rigid under deformation when the dimension is
small. We then turn to analyze deformation properties of toric Fano varieties, and prove
that every simplicial toric Fano variety with at most terminal singularities is rigid under
deformations (and in particular is not smoothable, if singular).
1. Introduction
In [Siu98, Siu02], Siu proved that if f : X → T is a smooth 1-parameter family of
projective manifolds, then the plurigenera of the fibers Xt = f
−1(t) are constant functions
of t ∈ T . This result and its proof have been extremely influential in the field. First proven
in the analytic setting, Siu’s result was later understood in the algebraic language (at least
in the case of general type) by Kawamata [Kaw99a, Kaw99b]. Kawamata also pointed
out that using Siu’s techniques one can show that canonical singularities are preserved
under small deformations. An analogous result on terminal singularities was obtained in
[Nak04]. These singularities arise naturally in the context of the minimal model program
(but one should be aware that there are other classes of singularities of the minimal model
program that are not preserved under small deformations).
All these results are consequences of certain extension properties of pluricanonical forms
from a divisor to the ambient variety. For example, if X0 = f
−1(0) is a fiber of a morphism
f , then one must study the surjectivity of the restriction maps
H0(X,OX (mKX))→ H
0(X0,OX0(mKX0)).
Extension theorems of this type have opened the door to recent progress in higher dimen-
sional geometry (see [HM06, Tak07, HM07, BCHM06, HM08]).
From the point of view of the minimal model program it is natural to look at pairs
(X,D), where X is a variety and D =
∑
aiDi is an effective Q-divisor. These pairs arise
naturally in a geometrically meaningful way in a variety of instances, and the various
notions of singularities immediately extended to analogous notions for pairs.
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The first part of this paper is devoted to the study of several properties related to
deformations of pairs. We start with some basic properties on the deformation invariance
of their singularities that generalize to pairs the aforementioned results of Kawamata and
Nakayama (cf. Proposition 3.5), and apply these results to study small deformations of
log Fano and weak log Fano varieties (cf. Proposition 3.8).
We then address the extension problem for line bundles of the form OX(m(KX +D)).
Thinking of D as a sort of boundary of X, one can consider the sections of these line
bundles as a kind of log pluricanonical forms (of course at this level of generality this is
just for the purpose of intuition). Remarkable extension results for these kinds of sections
have been recently obtained in [HM07, BCHM06, HM08] and applied towards the minimal
model program. One should be aware that these extension results are not straightforward
generalizations: the presence of a boundary D may in fact affect substantially the extend-
ability of the sections (cf. Remark 4.9), which explains the appearance in the mentioned
extension results of certain conditions on stable base loci.
Using the techniques of the minimal model program and the results established in
[BCHM06], we obtain the following extension theorem, in which we replace a technical
condition on the stable base locus of KX + D (appearing in [HM07, HM08] and other
works) with a certain positivity condition. The reader will find in Theorem 4.5 a statement
including also a version of the result where instead of the positivity conditions, the usual
condition on the stable base locus of KX +D is imposed.
Theorem 1.1. With the above notation, assume that X0 is Q-factorial and (X0,D|X0)
is a Kawamata log terminal pair with canonical singularities. Assume that either D|X0
or KX0 + D|X0 is big. Suppose furthermore that the restriction map on Ne´ron–Severi
spaces N1(X/T ) → N1(X0) is surjective, and that there is a number a > −1 such that
D|X0 − aKX0 is ample.
Let L be an integral Weil Q-Cartier divisor whose support of L does not contain X0
and such that L|X0 ≡ k(KX +D)|X0 for some rational number k > 1. Then, after possibly
shrinking T near 0, the restriction map
H0(X,OX (L))→ H
0(X0,OX0(L|X0))
is surjective.
As we shall see, allowing to work with Weil divisors will be essential in the application
of this result to deformations of toric varieties.
Theorem 1.1 is based upon another result, Theorem 4.1, which essentially states that,
under suitable conditions, each step (a flip or a divisorial contraction) of a relative minimal
model program on a family f : X → T induces the same kind of step in the minimal model
program of a fiber of f .
It turns out that there is a surprising connection between these results and certain
rigidity properties of Fano varieties under deformation. According to Mori Theory, the
Mori cone of effective curves of a Fano variety encodes information on the geometry of
the variety. In fact, it follows by results in [BCHM06] that a Fano variety with mild
singularities is a Mori dream space in the sense of [HK00]. In particular, the subcone
of the Nero´n–Severi space of the variety generated by movable divisors admits a finite
polyhedral decomposition into Mori chambers. One of these chambers is the nef cone.
This chamber decomposition retains information on the birational geometry of the variety
in terms of its small Q-factorial birational modifications (cf. [HK00]).
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One would like to understand the behavior of Mori chamber decompositions in families
of Fano varieties with mild singularities. In the following, let
f : X → T
be a flat projective deformation, parametrized by a smooth pointed curve T ∋ 0, of a Fano
variety X0 = f
−1(0) with Q-factorial terminal singularities.
When f is a smooth family of Fano manifolds, it follows from a result on nef values
due to Wi´sniewski [Wi´s91, Wi´s08] that the nef cone is locally constant in the family.
Wi´sniewski’s result is of a topological nature, relying on the Hard Lefschetz Theorem and
the fact that the family is topologically locally trivial. On the other hand, it appears
that one is forced to allow singularities in order to study how the whole Mori chamber
decomposition varies in the deformation.
We start by investigating to which extent Wi´sniewski’s theorem on the deformation of
nef values (cf. [Wi´s91]) can be generalized to the context of canonical log pairs. In this
direction, we obtain an optimal result for families of pairs of dimension at most three. By
contrast, there are interesting examples of birational hyperka¨hler manifolds of dimension
four that force us to impose additional conditions in order to ensure the constancy of nef
values in such general setting when the dimension is greater than three (cf. Example 5.3
and Remark 5.9). We refer the reader to Theorem 5.7 and Corollary 5.8 for the precise
statements of our results on nef values.
Before even addressing the question on the deformation of Mori chamber decomposi-
tions, one needs to make sure that the Nero´n–Severi spaces deform continuously. Since
the topology may vary in the family once singularities are allowed, even the fact that the
Picard number of the fibers is constant is a priori not obvious. We deduce this fact from
a property established in [KM92] (cf. Proposition 6.5).
It was pointed out by Lazarsfeld and Mustat¸a˘ that the pseudo-effective cone of X0 is
locally constant under deformation. In a similar fashion, we have the following result (cf.
Theorem 6.8).
Theorem 1.2. With the above notation, the cone of movable divisors of X0, which sup-
ports the Mori chamber decomposition, is locally constant.
Regarding the behavior of the Mori chamber decomposition itself, we obtain the follow-
ing (cf. Theorem 6.9; see Definition 5.6 for the definition of 1-canonical).
Theorem 1.3. With the above notation, suppose that either
(a) dimX0 ≤ 3, or
(b) dimX0 = 4 and X0 is 1-canonical (e.g., KX0 is Cartier).
Then, locally near 0, the Mori chamber decomposition of X0 is preserved unaltered by the
deformation.
We remark that that the above theorems fail in general if one just relaxes the condition
on singularities from terminal to canonical, or if X0 is only assumed to be a weak Fano
variety or a log Fano variety (cf. Remark 6.3).
We had originally conjectured in a earlier version of this paper that the conclusions of
Theorem 1.3 would hold in general, without the restrictions on dimension and singularities
imposed in (a) or (b). Recently, however, Burt Totaro communicated to us that he
has found counter-examples to such conjecture (cf. [Tot09]). In particular, in view of
Totaro’s examples, the additional restrictions considered in Theorem 1.3 would appear to
be optimal.
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Our methods also show that, in the setting considered above, the Mori chamber decom-
position is locally invariant if the central fiber is a toric variety. This is in fact just a hint of
a much stronger rigidity property (we remark, on the other hand, that the corresponding
assertions in Theorem 5.7 and Corollary 5.8 are not implied by such rigidity property).
More precisely, by analyzing the induced deformation on the total coordinate ring of X0,
we prove the following result (cf. Theorem 7.1).
Theorem 1.4. Every simplicial toric Fano variety with at most terminal singularities is
rigid under small projective flat deformations (and thus is not smoothable, if singular).
In the case of smooth toric Fano varieties, this theorem recovers a special case of a result
of Bien and Brion [BB96]. One should contrast this result with several known examples of
degenerations to (singular) toric Fano varieties, notably of Grassmannians, flag varieties
and other moduli spaces (e.g., see [Str93, Str95, Lak95, GL96, BCFKvS00, Bat04, AB04,
HMSV08]). In particular, the degenerations studied in [Bat04], for instance, show how
rigidity fails if one drops the hypothesis on Q-factoriality, and there are simple examples
of smoothable Q-factorial toric Fano varieties with canonical singularities and of non-rigid
smooth toric varieties that are weak Fano or log Fano (cf. Remark 7.3). One should also
bear in mind the fact that all Fano 3-folds with Gorenstein terminal singularities (as well as
all weak Fano Q-factorial 3-folds with Gorenstein terminal singularities) can be smoothed
(see [Nam97, Min01]). This does not contradict the above theorem, as in dimension three
all Q-factorial terminal Gorenstein toric Fano varieties are already smooth.
Acknowledgments. We would like to thank V. Alexeev, S. Boucksom, M. Brion, M. Her-
ing, A. Kasprzyk, J. Kolla´r, R. Lazarsfeld, J. McKernan, M. Mustat¸a˘, S. Payne and B. To-
taro for useful correspondence and conversations. In particular we are grateful to Ja´nos
Kolla´r for bringing [KM92] to our attention, to Robert Lazarsfeld for bringing [Wi´s91] to
our attention, and to Burt Totaro for informing us of the results of his preprint [Tot09].
2. Notation and conventions
Throughout this paper we work over the field of complex numbers C. A divisor on a
normal variety will be understood to be a Weil divisor. For a proper morphism of varieties
f : X → S, we denote by N1(X/Z) the Nero´n–Severi space (with real coefficients) of X
over Z, and by N1(X/Z) its dual space. Linear equivalence (resp., Q-linear equivalence)
between divisors is denoted by ∼ (resp., ∼Q); numerical equivalence between Q-Cartier
divisors is denoted by ≡.
The stable base locus SBs(D) of a Q-divisor D on a normal variety X is defined as
the intersection
⋂
mBs(|mD|) of the base loci of the linear systems |mD| taken over
all m > 0 sufficiently divisible. For a morphism f : X → Z, we denote SBs(D/Z) :=⋂
H SBs(D + f
∗H), where the intersection is taken over all ample Q-divisors H on Z.
A pair (X,D) consists of a positive dimensional normal variety X and a Q-divisor D
such that KX + D is Q-Cartier. Let µ : Y → X be a proper birational morphism from
a normal variety Y . We say that µ is a log resolution of (X,D) if the exceptional set
Ex(µ) is a divisor and the set Ex(µ) ∪ Supp(KY − µ
∗(KX + D)), where µ∗KY = KX ,
is a simple normal crossings divisor. Any divisor E on Y is said to be a divisor over
X. If E is a prime divisor, then the log discrepancy of E over (X,D) is defined as
aE(X,D) := 1+ordE(KY −µ
∗(KX +D)), where the canonical divisor KY on Y is chosen
so that µ∗KY = KX . The minimal log discrepancy of (X,D) is the infimum of all log
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discrepancies of prime divisors over X. Minimal log discrepancies can be either −∞ of
≥ 0, and in the second case are computed as the minimum of the log discrepancies of the
prime divisors on any log resolution of (X,D). The pair (X,D) is Kawamata log terminal
(resp. log canonical) if aE(X,D) > 0 (resp. aE(X,D) ≥ 0) for any prime divisor E over
X; this condition can be tested on the prime divisors on any log resolution of (X,D). The
pair is canonical (resp. terminal) if aE(X,D) ≥ 1 (resp. aE(X,D) > 1) for any prime
divisor E exceptional over X, and moreover ⌊(1 − ǫ)D⌋ = 0 for all small ǫ > 0 (this last
condition is only relevant when dimX = 1, as it is redundant otherwise; note that when
dimX = 1 the first conditions are empty, since there are no exceptional divisors at all).
A variety X is Fano if it is a positive dimensional projective variety with ample Q-
Cartier anti-canonical divisor −KX . A pair (X,D) is a log Fano variety (resp. a weak
log Fano variety) if X is projective, (X,D) has Kawamata log terminal singularities, and
−(KX +D) is ample (resp. nef and big).
3. Deformation properties of Q-factoriality and singularities of pairs
We start by recalling the following result of Kolla´r and Mori.
Proposition 3.1. Let X be a normal variety and S ⊂ X a Cartier divisor that is normal
and satisfies Serre’s condition S3 (cf. [KM98, Definition 5.2]). Let D be any Weil divisor
on X whose support does not contain S. If D|S (defined as the restriction of D as a Weil
divisor) is Cartier, and there is a closed subset Z ⊂ X with codim(Z ∩S, S) ≥ 3 such that
D is Cartier on U = X − Z, then OX(D) is Cartier on a neighborhood of S.
For the convenience of the reader, we include the arguments of [KM92, 12.1.8].
Proof. Since the question is local, we may assume that OX(S) ∼= OX , and hence OU (S|U ) ∼=
OU . Let i : U → X be the inclusion. Multiplication by the restriction of a section of OX(S)
defining S gives a short exact sequence on U
0→ OU (D|U ) ∼= OU ((D − S)|U )→ OU (D|U )→ OU∩S(D|U∩S)→ 0.
Pushing forward via i and using the fact that as S is S3, then R
1i∗OU∩S(D|U∩S) =
H2Z∩S(OS(D|S)) = 0, we obtain an exact sequence
0→ OX(D)→ OX(D)→ OS(D|S)→ R
1i∗OU (D|U )→ R
1i∗OU (D|U )→ 0.
The map R1i∗OU (D|U ) → R
1i∗OU (D|U ) is induced by multiplication by the equation of
S. By Nakayama’s Lemma, it follows that R1i∗OU (D|U ) = 0 on a neighborhood of S. But
then OX(D)→ OS(D|S) is surjective and the claim follows. 
Corollary 3.2. Let S be a normal irreducible Cartier divisor on a variety X, and suppose
that S is Q-factorial with terminal singularities.
Then X is Q-factorial in a neighborhood of S.
Remark 3.3. The fact that X is normal in a neighborhood of S follows by [Gro65, Corol-
lary 5.12.7].
Remark 3.4. The corollary fails in general if the singularities are canonical but not termi-
nal. For an example, one can consider the family of quadrics of equation {xy+z2+ t2u2 =
0} ⊂ P3 × A1, where (x, y, z, u) are homogeneous coordinates on P3 and t is a parameter
on A1.
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Proposition 3.5. On a normal variety X, let S be a normal Cartier divisor, and D be
a divisor whose support does not contain S. Assume that KS + D|S is Q-Cartier and
(S,D|S) is a canonical pair.
Then KX + S +D is Q-Cartier on a neighborhood of S. Moreover:
(a) If ⌊D|S⌋ = 0, then (X,S +D) is purely log terminal and (X,D) is canonical in a
neighborhood of S. In particular, if f : X → T is a flat morphism and S = X0 is the
fiber over a point 0 ∈ T , then (Xt,D|Xt) is canonical for every t in a neighborhood
of 0.
(b) If (S,D|S) is terminal and ⌊D|S⌋ = 0, then (X,D) is terminal in a neighborhood
of S. In particular, if f : X → T is a flat morphism and S = X0 for some 0 ∈ T ,
then (Xt,D|Xt) is terminal for every t in a neighborhood of 0.
(c) If S is Q-Gorenstein (equivalently, if D|S is Q-Cartier), then (X,S + D) is log
canonical in a neighborhood of S.
Proof. Since (S,D|S) is canonical, S is Cohen–Macaulay. The case in which dimS = 1 is
trivial and the one in which dimS = 2 is well known. We therefore assume that dimS ≥ 3
and hence S is S3. By the 2-dimensional case, it follows that (X,D) is canonical in
codimension 2 near S. Therefore the closed subset Z ⊂ X on which KX + S +D is not
Q-Cartier has codimension at least 3. By Proposition 3.1, KX + S +D is Q-Cartier on a
neighborhood of X.
If ⌊D|S⌋ = 0, then (S,D|S) is Kawamata log terminal, and since we have now established
that KX +S+D is Q-Cartier, it is well known that (X,S+D) is purely log terminal in a
neighborhood of S (cf. [KM98, Theorem 5.50]). By the arguments of [BCHM06, Corollary
1.4.3] it follows that (X,D) is canonical in a neighborhood of S.
Assume now that (S,D|S) is terminal and ⌊D|S⌋ = 0, and suppose that (X,D) is not
terminal near S. Then there is an exceptional divisor over X whose discrepancy over
(X,D) is ≤ 0 and whose center W ⊂ X intersects X0. We can find an effective Cartier
divisor H ⊂ X containingW and intersecting properlyX0. Note that the pair (X,D+ǫH)
is not canonical at W for any ǫ > 0. On the other hand, if ǫ is sufficiently small, then
(X0,DX0 + ǫHX0) is canonical and ⌊DX0 + ǫHX0⌋ = 0. This contradicts (a).
Regarding the assertion in (c), if S is Q-Gorenstein, then KS + (1− ǫ)D|S is Q-Cartier
and (S, (1− ǫ)D|S) is Kawamata log terminal for every rational number ǫ > 0, so that we
conclude that (X,S + (1− ǫ)D) is purely log terminal in a neighborhood of S and hence
(X,S +D) is log canonical on this neighborhood. 
Remark 3.6. The example [Kaw99b, Example 4.3] shows that this result fails for Kawa-
mata log terminal singularities.
Remark 3.7. For a pair (X,D) with canonical singularities, the property that ⌊D⌋ ≤ 0 is
equivalent to the pair being Kawamata log terminal.
Since ampleness is open in families, it follows in particular by Proposition 3.5 that every
small flat deformation of a log Fano variety with canonical/terminal singularities is a log
Fano variety with canonical/terminal singularities. In fact, the same holds for weak log
Fano varieties as well.
Proposition 3.8. Let f : X → T be a flat projective fibration from a normal variety to a
smooth curve. Fix a point 0 ∈ T , and suppose that the fiber X0 over 0 is a normal variety.
Assume that for some effective divisor D on X not containing X0 in its support, the pair
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(X0,D|X0) is a log Fano variety (resp. a weak log Fano variety) with canonical/terminal
singularities.
Then (Xt,D|Xt) is a log Fano variety (resp. a weak log Fano variety) with canoni-
cal/terminal singularities for all t in a neighborhood of 0 ∈ T .
Proof. As (X0,D|X0) is a log Fano variety (resp. a weak log Fano variety), we have that
⌊D|X0⌋ = 0. Note that, since X0 is a connected and reduced fiber, f has connected fibers.
Since (X0,D|X0) is canonical, the Q-divisor KX +D is Q-Cartier in a neighborhood of X0
by Proposition 3.5, and the pair (Xt,D|Xt) is canonical/terminal for all t in a neighborhood
of 0. Notice also that ⌊D⌋ = 0 in a neighborhood of X0, and hence ⌊D|Xt⌋ = 0 for t in a
neighborhood of 0. If (X0,D|X0) is log Fano, then −(KXt +D|Xt) is ample for every t in
a neighborhood of 0 ∈ T since ampleness is open in families, and hence (Xt,D|Xt) is log
Fano for any such t. Assuming that (X0,D|X0) is only weak log Fano, we conclude by the
lemma that follows. 
Lemma 3.9. Let (X,D) be a Kawamata log terminal pair (with D an effective Q-divisor).
Suppose that f : X → T is a flat projective fibration to a smooth curve, and let 0 ∈ T be a
point such that the fiber X0 is a normal variety not contained in the support of D. Let L be
a Q-Cartier Q-divisor on X such that L|X0 is nef and big and so is aL|X0 − (KX +D)|X0
for some a ≥ 0. Then L|Xt is nef and big for all t in a neighborhood of 0 ∈ T .
Proof. By re-scaling, we may well assume that L is a Cartier divisor. Let M ∈ {L, raL−
r(KX + D)}, where r is the Cartier index of aL − (KX + D) (we can assume that a is
rational). Note that M |X0 is nef and big. Then M |Xt is nef if t ∈ T is very general (see
[Laz04, Proposition 1.4.14]).
We claim that M |Xt is also big for very general t ∈ T . Indeed, since M |X0 is nef and
big, all the higher cohomology groups H i(kM |X0) fail to grow maximally as k →∞; more
precisely, there is a constant C such that hi(OX0(kM |X0)) ≤ Ck
d−1 for every i > 0 and
k ≥ 1 where d is the dimension of X0. Note that f is equidimensional. By semicontinuity
of cohomological dimensions [Har77, III.12.8], for every k there is a open neighborhood
Uk ⊆ T of 0 such that h
i(OXt(kM |Xt)) ≤ Ck
d−1 for every i > 0 and t ∈ Uk. We
conclude that hi(OXt(kM |Xt)) fails to grow maximally for very general t. On the other
hand, note that OX(kM) is flat over T (cf. [Har77, III.9.2(e) and III.9.2(c)]), and thus
the Euler characteristic of OXt(kM |Xt) is constant as a function of t. We conclude that
h0(OXt(kM |Xt)) grows maximally (i.e., to the order of k
d) for very general t. This shows
that M |Xt is big for very general t ∈ T .
So there is a setW ⊆ T , which is the complement of a countable set, such that (Xt,D|Xt)
is Kawamata log terminal and both L|Xt and aL|Xt − (KX + D)|Xt are nef and big for
every t ∈ W . By [Kol93, Theorem 1.1], there is a positive integer m (depending only
on d and a) such that |mL|Xt | is base point free for every t ∈ W , and for any such t the
associated morphism φ|mL|Xt | is generically finite since L|Xt is big. By further shrinkingW
if necessary, we can also assume that the restriction map H0(OX (mL))→ H
0(OXt(mL))
is surjective (cf. [Har77, III.12.8 and III.12.9]). This implies that φ|mL|Xt | = φ|mL||Xt for
all t ∈ W , and hence we conclude that φ|mL||Xt is generically finite for a general t ∈ T .
This implies that L|Xt is big for every t in a neighborhood of 0.
Consider now the subset Σ = {t ∈ T | L|Xt is not nef}. We consider the base locus
Bs(|mL|) of |mL|. Note that this locus is a Zariski closed subset of X. We observe that
Bs(|mL|) ∩ Xt 6= ∅ for all t ∈ Σ, since it clearly contains the locus where L is not nef.
On the other hand, taking t very general so that |mL|Xt | is base point free, we have
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Bs(|mL|Xt |) = ∅, and since we can also ensure that the restriction map H
0(OX(mL)) →
H0(OXt(mL)) is surjective, we conclude that Bs(|mL|)∩Xt = ∅. This implies that Σ is a
finite set, and hence L|Xt is also nef for every t in a neighborhood of 0. 
The above lemma will also turn out to be useful in the next section.
4. Invariance of plurigenera for canonical pairs
This section is the technical core of the paper. Our first result relates to the application
of the minimal model program on a family of varieties (see [KM92, 12.3] for a related
statement).
Theorem 4.1. Let f : X → T be a flat projective morphism of normal varieties where T
is an affine curve. Assume that for some 0 ∈ T the fiber X0 is normal and Q-factorial,
N1(X/T ) → N1(X0) is surjective, and D is an effective Q-divisor whose support does
not contain X0 such that (X0,D|X0) is a Kawamata log terminal pair with canonical
singularities. Let ψ : X → Z be the contraction over T of a (KX +D)-negative extremal
ray of NE(X/T ), and let Z0 = ψ(X0).
If ψ0 := ψ|X0 : X0 → Z0 is not an isomorphism, then it is the contraction of a (KX0 +
D|X0)-negative extremal ray, and:
(a) If ψ is of fiber type, then so is ψ0.
(b) If ψ is a divisorial contraction of a divisor G, then ψ0 is a divisorial contraction
of G|X0 (in particular G|X0 is irreducible), and N
1(Z/T )→ N1(Z0) is surjective.
(c) Assume additionally that either
• SBs(KX +D/Z) does not contain any component of Supp(D|X0), or
• D|X0 − aKX0 is nef over Z0 for some a > −1.
If ψ is a flipping contraction and ψ+ : X+ → Z is the flip, then ψ0 is a flipping
contraction and, denoting X+0 the proper transform of X0 on X
+, the induced
morphism ψ+0 : X
+
0 → Z0 is the flip of ψ0 : X0 → Z0. Moreover N
1(X+/T ) →
N1(X+0 ) is surjective.
Proof. We will repeatedly use the fact that T is affine so that for example a divisor is
ample over T if and only if it is ample. For short, for a divisor L on X not containing X0
in its support, we denote L0 := L|X0 .
If ψ is of fiber type, then it follows by the semicontinuity of fiber dimension (applied to
ψ) that ψ0 is also of fiber type. We can henceforth assume that ψ is birational. Note that
this implies that ψ0 is birational as well, by the semicontinuity of fiber dimension applied
this time to the morphism Z → T .
Note that as N1(X/T )→ N1(X0) is surjective, any curve in X0 that spans a (KX+D)-
negative extremal ray of NE(X/T ) also spans a (KX0 + D0)-negative extremal ray of
NE(X0). There is an ample Q-divisor H on X such that the contraction ψ is defined by
|m(KX +D +H)| for any sufficiently divisible m ≥ 1. Since KX +D +H is nef and big
and X0 ∼ 0, the restriction map
H0
(
OX(m(KX +D +H))
)
→ H0
(
OX(m(KX0 +D0 +H0))
)
is surjective if m is sufficiently divisible by Kawamata–Viehweg’s vanishing theorem (cf.
[KM98, 2.70]). This implies that ψ0 coincides with the map defined by |m(KX0+D0+H0)|
for all sufficiently divisiblem, and thus it is the extremal contraction of the ray in question.
In particular, ψ0 has connected fibers and Z0 is normal.
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Assume that ψ is a divisorial contraction and let G be the (irreducible) divisor con-
tracted by ψ. Then G dominates T and as ψ(G) is irreducible of dimension ≤ dimZ − 2,
all components of G0 are contracted. It follows from the injectivity of N1(X0)→ N1(X/T )
that ψ0 : X0 → Z0 is an extremal (divisorial) contraction of G0, and in particular G0 is
irreducible.
Assume that ψ is a flipping contraction, and suppose by way of contradiction that ψ0
is a divisorial contraction, so that Z0 is Q-factorial. We consider two cases according to
which hypothesis we choose. If we are assuming that SBs(KX +D/Z) does not contain
any component of D0, then (Z0, (ψ0)∗D0) is canonical, and thus KZ+ψ∗D is Q-Cartier by
Proposition 3.5, which is impossible since ψ is a (KX+D)-negative contraction. Similarly,
if we are assuming that D|X0 − aKX0 is nef over Z0, then
−(a+ 1)KX0 = −(KX0 +D|X0) + (D|X0 − aKX0)
is ample over Z0. Since a + 1 > 0, this implies that Z0 is canonical, and hence KZ is
Q-Cartier (again by Proposition 3.5), which is impossible since ψ is now KX-negative.
Therefore ψ0 is a flipping contraction.
Let
φ : X 99K X+ := ProjZ
(⊕
m≥0
ψ∗OX(m(KX +D))
)
be the flip and D+ = f∗D, and let p : Y → X, q : Y → X
+ be a common resolution of φ.
Let X+0 and Y0 be the strict transform of X0 in, respectively, X
+ and Y . Note that X+0 is
normal (as (X+,D+ +X+0 ) is purely log terminal), and we can assume that the induced
maps p0 : Y0 → X0, q0 : Y0 → X
+
0 give a common resolution of the restriction φ0 of φ to
X0. Since φ is a (X,D)-flip, we have
p∗(KX +D) ∼Q q
∗(KX+ +D
+) + F,
where F is effective and dominates both Ex(ψ) and Ex(ψ+). Restricting to Y0 and using
adjunction (note that the divisors X0 and X
+
0 are linearly equivalent to zero, so we can
add them in the above relation), we obtain
p∗0(KX0 +D|X0) ∼Q q
∗
0(KX+0
+D+|X+0
) + F |Y0 .
As (X0,D|X0) is canonical, it follows that the inverse map φ
−1
0 : X
+
0 99K X0 contracts
no divisors. Since X0 → Z0 also contracts no divisors, it follows that X
+
0 → Z0 is a
small contraction, and thus φ0 : X0 99K X
+
0 is an isomorphism in codimension one and
φ : X 99K X+ is an isomorphism at every codimension one point of X0. In particular,
D+|X+0
= φ0∗D|X0 . But then one sees that X
+
0 is the log canonical model of (X0,D|X0)
over Z0, and hence X
+
0 → Z0 is the flip of X0 → Z0. The surjectivity N
1(X+/T ) →
N1(X+0 ) follows easily. 
Remark 4.2. Note that, as we have seen in the proof, the condition that D|X0 − aKX0
is nef over Z0 for some a > −1 considered in case (c) is equivalent to the condition that
−KX0 is ample over Z0.
Remark 4.3. From the discussion in the next section, it follows that if f : X → T is a
family of terminal Q-factorial Fano varieties, then one can always reduce by finite base
change to a setting where N1(X/T ) → N1(X0) is surjective. Note, moreover, that for a
family of Fano varieties, D − aKX is ample over T for every a≫ 0.
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Remark 4.4. The necessity of the additional hypotheses in case (c) is manifested in the
following example. Let X → T = A1 be a flat family of smooth 2-dimensional quadrics
degenerating to F2 := P(OP1 ⊕OP1(−2)), and let E be the (−2)-curve on the central fiber
X0 = F2 (note that KX · E = 0). A line in one of the two rulings on the general fiber
Xt sweeps out, under deformation over T , a divisor R on X such that R|X0 = E + F ,
where F is a fiber of the projection F2 → P1. If 0 < ǫ≪ 1, then (X, ǫR) is a (log smooth)
log Fano variety with terminal singularities. The small contraction X → Z of E is a
(KX + ǫR)-negative extremal contraction, and restricts to a divisorial contraction of X0.
Therefore the conclusions of Theorem 4.1 fail in this example.
As an application, we prove the following extension theorem.
Theorem 4.5. Let f : X → T be a flat projective morphism of normal varieties where T
is an affine curve. Assume that for some 0 ∈ T the fiber X0 is normal and Q-factorial,
N1(X/T ) → N1(X0) is surjective, and D is an effective Q-divisor whose support does
not contain X0 such that (X0,D|X0) is a Kawamata log terminal pair with canonical
singularities. Assume that either D|X0 or KX0+D|X0 is big, and that one of the following
two conditions is satisfied:
(a) SBs(KX +D) does not contain any component of Supp(D|X0), or
(b) D|X0 − aKX0 is ample for some a > −1.
Let L be an integral Weil Q-Cartier divisor whose support of L does not contain X0 and
such that L|X0 ≡ k(KX + D)|X0 for some rational number k > 1. Then the restriction
map
H0(X,OX (L))→ H
0(X0,OX0(L|X0))
is surjective.
Proof. It follows by Proposition 3.5 that KX and KX + D are Q-Cartier and (X,D) is
canonical in a neighborhood of X0. After possibly shrinking T around 0, we can assume
that (X,D) is everywhere canonical and both KX and D are Q-Cartier. In case (b), we
can also assume that D − aKX is ample. Notice that this reduction does not affect the
assumption that N1(X/T ) → N1(X0) be surjective. Note also that we can assume that
KX0 +D|X0 is pseudo-effective, as otherwise there is nothing to prove.
We run a (X,D)-minimal model program over T
X = X0 99K X1 99K X2 99K . . .
For a divisor A on X, we denote by Ai its proper transform on Xi. If we are in case (b),
then we run the minimal model program with scaling of D− aKX , whereas in case (a) we
proceed with scaling of some fixed ample divisor.
Using Theorem 4.1, one sees inductively that if we are in case (a), then for every i
the stable base locus SBs(KXi + D
i) does not contain any component of Supp(Di|Xi
0
).
In case (b), the Mori contraction ψi : Xi → Zi corresponding to the step Xi 99K Xi+1 is
(KXi +D
i)-negative and ((KXi +D
i) + λi(D
i − aKXi))-trivial for some λi > 0, and thus
is KXi-negative since
λi(1 + a)KXi = (1 + λi)(KXi +D
i)− ((KXi +D
i) + λi(D
i − aKXi)).
In either case, it follows by Theorem 4.1 that each divisorial (resp., flipping) contraction
on X corresponds to a divisorial (resp., flipping) contraction on X0, and the corresponding
divisorial or flipping contraction on X induces a divisorial or flipping contraction on X0.
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Therefore the given (X,D)-minimal model program over T induces a (X0,D|X0)-minimal
model program.
Since in case (a) we are assuming that KX0 + D|X0 is big, and in case (b) we have
that KX0 + D|X0 is pseudo-effective and D|X0 is big, it follows by [BCHM06] that, in
either case, the (X0,D|X0)-minimal model program terminates, which implies that the
(X,D)-minimal model program also terminates. Therefore, we have a (X,D)-minimal
model ψ : X 99K X ′ which induces a minimal model ψ0 : X0 99K X
′
0 for (X0,D|X0). Note
that ψ∗(KX +D)|X′0 = ψ0∗(KX0 +D|X0).
Let p : Y → X and q : Y → X ′ be a common resolution of ψ, let Y0 be the strict
transform of X0, and let p0 = p|Y0 and q0 = q|Y0 . Let L
′ = ψ∗L and L
′
0 = ψ0∗(L0), where
L0 = L|X0 , so that L
′
0 = L
′|X′
0
. We then have that p∗L = q∗L′+E and p∗0L0 = q
∗L′0+E0
where E ≥ 0 is q-exceptional and E0 ≥ 0 is q0-exceptional. This implies that
H0(X,OX (L)) ∼= H
0(Y,OY (⌈p
∗L⌉)) = H0(Y,OY (⌈q
∗L′ + E⌉)) ∼= H0(X ′,OX′(L
′))
and similarly that
H0(X0,OX0(L0))
∼= H0(X ′0,OX′0(L
′
0)).
(Here we have repeatedly used the fact that if g : X →W is a proper birational morphism
of normal varieties, D is an integral Q-Cartier divisor on W , and F is an effective and
g-exceptional Q-divisor on X, then g∗OX(g
∗D + F ) = OY (D).)
We have reduced ourselves to showing that H0(X ′,OX′(L
′)) → H0(X ′0,OX′0(L
′
0)) is
surjective. We will conclude this using the following two lemmas. For short, let D′ = φ∗D.
Lemma 4.6. There is a short exact sequence
0→ OX′(L
′ −X ′0)→ OX′(L
′)→ OX′0(L
′
0)→ 0.
Proof. By [KM98, Proposition 5.26] and its proof, it suffices to show that if U ⊆ X ′ is
the open subset where L′ is Cartier, then X ′0 ∩ (X \ U) has codimension at least 2 in X
′
0.
This is clear, since X0 is a normal Cartier divisor of X
′, and thus X ′ is smooth at every
codimension one point of X ′0. 
Lemma 4.7. After possibly further shrinking T , we have H1(X ′,OX′(L
′ −X ′0)) = 0.
Proof. Suppose first that we are in the case where KX′ +D
′ is big. Note that it is also
nef. We observe that
(L′ − (KX′ +D
′))|X′0 ≡ (k − 1)(KX′ +D
′)|X′0
is nef and big, and similarly(
a(L′ − (KX′ +D
′))− (KX′ +D
′)
)
|X′0 ≡ (a(k − 1)− 1)(KX′ +D
′)|X′0
is nef and big, provided a > 1/(k− 1). Therefore, by Lemma 3.9, the Q-Cartier Q-divisor
L′ − (KX′ + D
′) is nef and big in a neighborhood of X0, and thus the vanishing follows
by [Kol95, Theorem 2.16]. In the case where D′ is big over T , we may write D′ = G+H
where H is a suitable ample Q-divisor such that (X ′, G) is Kawamata log terminal, and a
similar argument applied to this pair in place of (X ′,D′) gives the vanishing. 
We deduce from the two lemmas thatH0(X ′,OX′(L
′))→ H0(X ′0,OX′0(L
′
0)) is surjective,
which completes the proof of the theorem. 
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Remark 4.8. We have the following related result due to Takayama (cf. [Tak07, 4.1]): If
S is a smooth divisor on a smooth variety X and L is a Cartier divisor on X such that
L ∼Q A + D where A is ample, S is not contained in the support of D and (S,D|S) is
Kawamata log terminal, then the natural map
H0(X,OX(m(KX + S + L)))→ H
0(S,OS(m(KS + L|S)))
is surjective for every m > 0.
Remark 4.9. The fact that in the example discussed in Remark 4.4 the curve E ⊂ X0 does
not deform away from the central fiber shows how the conclusion stated in Theorem 4.5
does not hold in general if one does not impose any condition either on the stable base locus
of KX +D or on the positivity of D|X0 − aKX0 for some a > −1. In fact, using the same
example, one can also find counterexamples to the extension property for divisors KX+D
that are big over T . In the following, we use the notations introduced in Remark 4.4. For
any b ≥ 1, consider a divisor L on X such that L|X0 ∼ (b+1)E +2bF . On a general fiber
Xt we have
h0(OXt(L)) = h
0(OP1×P1(b+ 1, b− 1)) = b
2 + 2b.
On the other hand, on the central fiber we have
|L|X0 | = |b(E + 2F ) + E| = |b(E + 2F )|+ E,
and since |E + 2F | is the linear system defining the morphism X0 → Z0 ⊂ P
3, we get
h0(OX0(L)) = h
0(OZ0(b)) =
(
b+ 3
3
)
−
(
b+ 1
3
)
= b2 + 2b+ 1.
Therefore there are sections of OX0(L) that do not extend to X. Note that L is relatively
big over T . Moreover, consider, for some m ≫ 1, a general H ∈ | − b−1+2m2 KX | (note
that −KX is semi-ample and is divisible by 2 in Pic(X)), and let D :=
1
m (H + 2R)
(recall R from Remark 4.4). Then (X,D) is a Kawamata log terminal pair with terminal
singularities and L ∼ m(KX +D). The reason why the mentioned theorems do not apply
in this setting is that the stable base locus of L contains the curve E, which is a component
of the support of D|X0 , and there are no values of a > −1 (in fact, of a ∈ R) such that
D|X0 − aKX0 is ample.
5. Nef values in families
Given Q-Cartier divisors A and B on a normal projective variety X, with A ample, the
nef value (or nef threshold) of B with respect to A is defined by
τA(B) := min{λ ∈ R | B + λA is nef}.
This invariant is of particular interest in the adjoint case, namely when B = KX +D for
some Kawamata log terminal pair (X,D) such that KX + D is not nef. In this case, it
follows from the Cone Theorem that τ = τA(KX + D) is rational and KX + D + τA is
semiample.
We are interested in determining conditions that guarantee that the nef values of adjoint
divisors are constant in families. More precisely, let f : X → T be a flat projective fibration
of normal varieties, where T is a smooth affine curve, and suppose that D is an effective
Q-divisor on X (whose support does not contain any fiber of f) such that KX + D is
Q-Cartier. Then one would like to find conditions on f and D which would imply that
for any ample line bundle A on X the nef values τA|Xt (KXt +D|Xt) are independent of t.
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We know, for instance, by [Wi´s91] that if f is a smooth morphism and D = 0, then the
nef values of the canonical class are constant in families whenever nonnegative. One can
ask whether the same property holds more in general. We consider the following setting
Setting 5.1. Let f : X → T be a flat projective fibration from a normal variety X to a
smooth affine curve T . For some 0 ∈ T , assume that the fiber X0 over 0 is a normal
Q-factorial variety, N1(X/T ) → N1(X0) is surjective, and D is an effective Q-divisor on
X whose support does not contain X0 such that (X0,D|X0) is a Kawamata log terminal
pair with canonical singularities.
Question 5.2. With the assumptions as in Setting 5.1, suppose that KX0 +D|X0 is not
nef, and let A be an ample line bundle on X. Under which additional conditions can one
insure that the nef value τA|Xt (KXt +D|Xt) is constant for t in a neighborhood of 0 ∈ T ?
As previously mentioned, a positive answer to this question is known in the case f
is smooth and D = 0 by the result of [Wi´s91]. However, already the simple example
discussed in Remark 4.4 shows that in general one needs some additional conditions. In
this context, the following are two natural conditions that we will consider in what follows:
(a) SBs(KX +D) does not contain any component of Supp(D|X0), or
(b) D|X0 − aKX0 is nef for some a > −1.
We will see, in Corollary 5.8 that such conditions are in fact sufficient to guarantee that
the nef value τA|Xt (KXt +D|Xt) is constant when the relative dimension of f is at most 3.
The following example shows, on the other hand, that in higher dimension one needs
further additional conditions to establish the constancy of the nef values.
Example 5.3. Let X0 and X
′
0 be two birational hyperka¨hler manifolds of dimension 4. By
[Huy03], there exist smooth families f : X → T and f ′ : X ′ → T that are isomorphic over
T r {0} and have central fibers X0 and X
′
0 respectively. Let H
′ ≥ 0 be an f ′-ample line
bundle on X ′ and H its strict transform on X. For any 0 < ǫ ≪ 1, the pair (X, ǫH) is
terminal and it induces a flipping contraction ψ : X → Z which is an isomorphism on the
generic fiber.
There are however several interesting situations where the constancy of the nef values
holds. We will give two instances of this. Before we can state our result, we need to intro-
duce the right notions. We start with the following definition (for the definition of volume
Vol(ξ) of a class ξ ∈ N1(X) on a projective variety, we refer to [Laz04, Section 2.2.C]).
Definition 5.4. A projective variety X is said to satisfy the volume criterion for ample-
ness if the ampleness of any given class ξ0 ∈ N
1(X) is characterized by the existence of an
open neighborhood U ⊂ N1(X) of ξ0 (in the Euclidean topology) such that Vol(ξ) = ξ
dimX
for every ξ ∈ U .
It was proven in [HKP06] that every projective toric variety satisfies the volume cri-
terion for ampleness, and Lazarsfeld raised the question whether the criterion holds for
other classes of projective varieties, or for particular types of divisors. It is immediate to
see that the volume criterion for ampleness implies the criterion for ampleness via asymp-
totic growth of cohomologies given in [dFKL08], which is known to hold for all projective
varieties. In the case of smooth surfaces, the volume criterion for ampleness is an elemen-
tary consequence of the Zariski decomposition, but for which classes of higher dimensional
varieties it holds remains unknown.
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The case of hyperka¨hler manifolds gives examples where the criterion does not hold. For
instance, if X and X ′ are two birational hyperka¨hler manifolds of dimension 4, then they
are isomorphic in codimension 2 so that for every ample class H on X one has Vol(H) =
Vol(H ′) = (H ′)4, where H ′ is the proper transform of H on X ′. On the other hand,
Section 1 and the proof of Theorem 4.6 of [Huy97] show that we have (H ′)4 = H4, and
therefore X does not satisfy the volume criterion for ampleness. In fact, more generally,
it follows by [Bou04, Proposition 4.12] that on any hyperka¨hler manifold X the volume
criterion fails as soon as the moving cone X, namely, the closure of the cone in N1(X)
generated by movable divisors, is strictly larger than the nef cone.
It is possible that, in the adjoint setting, suitable positivity assumptions may give a
better behavior. The following seems plausible.
Question 5.5. Does the volume criterion for ampleness hold for Fano varieties? More
generally, one can ask whether, under the correct assumptions on singularities, the criterion
holds within the the set KX + Amp(X), where Amp(X) denotes the ample cone; or in
other words, whether it is true that a class ξ0 ∈ KX + Amp(X) belongs to Amp(X) if
and only if there is an open neighborhood U ⊂ N1(X) of ξ0 such that Vol(ξ) = ξ
dimX for
every ξ ∈ U .
The next definition will provide an alternative condition to ensure the constancy of the
nef values.
Definition 5.6. A log pair (X,D) is said to be 1-canonical if ordE(KX′/X − g
∗D) ≥ 1
for any log resolution g : X ′ → X of X and any prime exceptional divisor E on X ′.
Note that every normal variety with terminal singularities and such that KX is Cartier
is automatically 1-canonical (that is, the pair (X, 0) is 1-canonical).
We now come back to the main setting of this section. With the assumptions as in
Setting 5.1, suppose that
ψ : X → Z
is the contraction over T of a (KX + D)-negative extremal ray that is nontrivial on the
fiber X0, and let Z0 = ψ(X0). By Theorem 4.1, we know that
ψ0 := ψ|X0 : X0 → Z0
is the contraction of a (KX0 +D|X0)-negative extremal ray.
The following is the main result of this section.
Theorem 5.7. With the above assumptions, suppose that one of the following situations
occurs:
(a) ψ0 is of fiber type.
(b) ψ0 is divisorial, and either
• SBs(KX +D) does not contain any component of Supp(D|X0), or
• D|X0 − aKX0 is nef for some a > −1.
(c) ψ0 is small, and either
(i) ψ0 has relative dimension 1 (e.g., dimX0 ≤ 3), or
(ii) dimX0 = 4 and (X0,D|X0) is 1-canonical (e.g., D = 0 and KX0 is Cartier),
or
(iii) X0 satisfies the volume criterion for ampleness (e.g., X0 is toric).
Then the restriction of ψ to the generic fiber Xη of f is not an isomorphism.
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Proof. The cases in which ψ0 is divisorial or of fiber type follow from Theorem 4.1. We
may therefore assume that ψ0 is a flipping contraction. We proceed by contradiction,
and suppose that ψ|Xη is an isomorphism. After shrinking T , we may assume that ψ
is an isomorphism on the complement of X0. After cutting down by the right number
of general hyperplane sections of Z, we can also assume without loss of generality that
dimψ(Ex(ψ)) = 0. If H is an ample divisor on Z, then one sees that as ψ is small, for
any s≫ 1, SBs(KX +D + sψ
∗H) does not contain any components of Supp(D|X0).
We fix an integer s≫ 1, and let
L := KX +D + sψ
∗H.
After perturbing H, we can assume that L is the multiple of a sufficiently general element
of N1(X)Q. In the following, we let m be a sufficiently divisible positive integer. The key
observation is that, by Theorem 4.5, the dimension h0(OXt(mL)) is constant with respect
to t ∈ T .
If X0 satisfies the volume criterion for ampleness, then we obtain immediately a con-
tradiction. Indeed for t 6= 0 and some sufficiently small open neighborhood U ⊂ N1(X/T )
of [L], we have
Vol(ξ|X0) = Vol(ξ|Xt) = (ξ|Xt)
dimXt = (ξ|X0)
dimX0 for all ξ ∈ U
since L|Xt is ample, which contradicts the volume criterion on X0.
Suppose now that the fibers of ψ have dimension ≤ 1. We observe that the Euler
characteristic χ(OXt(mL)) is also constant with respect to t ∈ T , by flatness. Thus, to
prove the theorem in this case, it suffices to observe that
(1)
∑
i≥1
(−1)ihi(OX0(mL)) 6= 0.
This holds for the following reason. For i > 0 and s≫ m, we have
hi(X0,OX0(mL)) = h
0(Z0, R
i(ψ0)∗OX0(m(KX +D))⊗ OZ0(msH))
by the Leray spectral sequence and Serre vanishing. In particular, if the fibers of ψ have
dimension at most one, then Ri(ψ0)∗OX0(m(KX +D)) = 0 for i ≥ 2, which implies that
hi(OX0(mL)) = 0 for i ≥ 2. On the other hand, asKX+D is relatively anti-ample, we have
R1(ψ0)∗OX0(m(KX+D)) 6= 0, and since this sheaf is supported on a zero dimensional set,
it follows that h1(OX0(mL)) 6= 0. Equivalently, one can use the main result of [dFKL08] to
deduce that, for m sufficiently divisible, the space H1(OX0(mL)) is nontrivial. Therefore
(1) holds in this case.
It remains to consider the case when X0 is a 4-dimensional variety with 1-canonical
singularities. Since we have already excluded the case when ψ has fibers of dimension ≤ 1,
the only possibility is that φ is a (KX + D)-flipping contraction with exceptional locus
Ex(φ) of dimension 2. Let
X
φ   @
@@
@@
ψ //_____ X+
φ+}}{{
{{
{
Z
be the flip over T , which exists by [BCHM06], and let D+ be the proper transform of D
on X+. If Ex(φ+) is the exceptional locus of φ+, then we have that
dimEx(φ) + dimEx(φ+) ≥ dimX − 1 = 4
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by [KMM87, Lemma 5.1.17], and therefore dimEx(φ+) ∈ {2, 3}.
By Theorem 4.1, ψ restricts to a (KX0 +D|X0)-flip ψ0 : X0 99K X
+
0 , where X
+
0 ⊂ X
+
is the fiber of φ+ over 0. Note that Ex(φ0) = Ex(φ), and similarly Ex(φ
+
0 ) = Ex(φ
+). In
particular, dimEx(φ+) = 2. We fix a common resolution Y of ψ0, with maps p : Y → X0
and q : Y → X+0 .
Let W ⊂ X+ be a maximal dimensional irreducible component of Ex(φ+). Since
codim(W,X+0 ) = 2, the minimal log discrepancy of X
+
0 at the generic point of W is at
most 2 (cf. [Amb99, Main Theorem 1]) and so a fortiori is the minimal log discrepancy
of (X+0 ,D
+|X+0
). Recalling that minimal log discrepancies on log terminal varieties can
be computed from log resolutions, this implies that there is a prime exceptional divisor F
over X+0 (that we may assume lying on Y ) such that
ordF (KY/X+0
− q∗D+|X+0
) ≤ 1.
Since ψ is a (KX0 +D|X0)-flip, this implies that
ordF (KY/X0 − p
∗D|X0) < 1.
This contradicts the hypothesis that (X0,D|X0) is 1-canonical. The proof of the theorem
is now complete. 
We have the following immediate consequence.
Corollary 5.8. With the same assumptions as in Setting 5.1, suppose that KX0 +D|X0
is not nef, and let A be an ample line bundle on X. Assume that we are in one of the
following cases:
(i) dimX0 ≤ 3.
(ii) dimX0 = 4 and (X0,D|X0) is 1-canonical (e.g., D = 0 and KX0 is Cartier).
(iii) X0 satisfies the volume criterion for ampleness (e.g., X0 is toric).
Then the nef value τA|Xt (KXt +D|Xt) is constant for t in a neighborhood of 0 ∈ T .
Remark 5.9. Example 5.3 shows how both Theorem 5.7 and Corollary 5.8 fail in general
if one does not impose any additional hypothesis to Setting 5.1, and also that case (ii) of
both statements is sharp.
6. Deformations of Mori chamber decompositions of Fano varieties
It follows by results in [BCHM06] that any Fano variety X with Q-factorial log terminal
singularities is a Mori dream space in the sense of [HK00]. In particular, the moving cone
Mov1(X) ⊂ N1(X), namely, the closure of the cone generated by movable divisors, admits
a finite decomposition into polyhedral cones, called Mori chamber decomposition. One of
these chambers is the nef cone Nef(X) of X. In general, a Mori chamber of Mov1(X) is
the closure of a Mori equivalence class whose interior is open in N1(X)Q, where we declare
that two elements L1 and L2 of N
1(X)Q are Mori equivalent if ProjR(L1) ∼= ProjR(L2).
The Mori chamber decomposition of a Fano variety retains information on the biregular
and birational geometry of X both in terms of the log minimal models obtainable from X
via suitable log minimal model programs. Wall-crossing between two adjacent chambers of
maximal dimension corresponds to small modifications between corresponding log minimal
models.
Throughout this section, we consider a flat projective morphism
f : X → T
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onto a smooth curve T , whose fibers Xt are Fano varieties with Q-factorial terminal
singularities.
When f is a smooth family of Fano manifolds, then it follows by the result of Wi´sniewski
on nef values that the nef cone and the Mori cone are locally constant under small defor-
mations of Fano manifolds [Wi´s91, Wi´s08]. Here we are interested in the behavior of Mori
chamber decompositions of the fibers. We consider the following question.
Question 6.1. With the above notation, under which conditions is the Mori chamber
decomposition of the fibers of f locally constant over T (in the analytic or e´tale topology)?
Remark 6.2. In an earlier version of this paper, we had conjectured that the Mori chamber
decomposition of the fibers of f is always locally constant without any additional condition.
However, this was disproved by Totaro (cf. [Tot09]).
If we want study the behavior under deformation of the whole Mori chamber decom-
position, then it seems that allowing singularities is a necessary generalization, as we will
need to apply steps of the minimal model program.
Remark 6.3. The example of a family of quadrics P1 × P1 degenerating to an irreducible
quadric cone shows that the nef cone may jump if one relaxes the assumptions on sin-
gularities from terminal to canonical. The example of the family of quadrics P1 × P1
degenerating to an F2 discussed in Remark 4.4 shows that one cannot hope for a positive
answer to the question for families of weak Fano varieties (even in the smooth case) or
families of log Fano varieties (even in the log-smooth case).
Remark 6.4. In the Zariski topology, in general there are no natural isomorphisms
N1(Xt)→ N
1(Xu) and N1(Xt)→ N1(Xu) for t 6= u in T unless one first fixes a path join-
ing t to u. This is the case, for instance, for a quadric fibration f : X → T with all fibers
isomorphic to a smooth quadric P1 × P1 and relative Picard number ρ(X/T ) = 1 (an ex-
plicit example is given by the family of quadrics of equation {xy+z2+tu2 = 0} ⊂ P3×C∗,
where (x, y, z, u) are the homogeneous coordinates on P3 and t ∈ C∗).
One can restate Question 6.1 more precisely, as we will see below. We know by Corol-
lary 3.2 that a flat projective family over a smooth curve f : X → T of Fano varieties
with terminal Q-factorial singularities satisfies the conditions in [KM92, (12.2.1)]. We
can therefore consider the local systems GN1(X/T ) and GN1(X/T ) introduced in [KM92,
Section 12] (these local systems are defined [KM92] using rational coefficients; they will be
considered here with real coefficients). These are sheaves on T in the analytic topology.
For any analytic open set U ⊆ T , these are given by:
GN1(X/T )(U) =
{
sections of N1(X/T ) over U with open support
}
,
where, in our situation, N1(X/T ) is the functor given by N1(X×T T
′/T ′) for any T ′ → T ,
and
GN1(X/T )(U) =
{
flat families of 1-cycles C/U ⊆ X ×T U with real
coefficients, modulo fiberwise numerical equivalence
}
.
Note that, in our setting, every nonzero section of N1(X/T ) on an open set U ⊆ T has
open support. It is shown in [KM92, (12.2)] that GN1(X/T ) and GN1(X/T ) are dual
local systems with finite monodromy and, moreover, that GN1(X/T )|t = N
1(Xt) and
GN1(X/T )|t = N1(Xt) for very general t ∈ T . Applying [KM92, (12.1.1)], we obtain the
following property.
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Proposition 6.5. With the above assumptions, we have
GN1(X/T )|t = N
1(Xt) and GN1(X/T )|t = N1(Xt)
for all t ∈ T . In particular, the Picard number ρ(Xt) is independent of t ∈ T .
Proof. After taking a finite base change, we can assume that GN1(X/T ) and GN1(X/T )
have trivial monodromy, so that, in particular, there are natural identifications between
the fibers of GN1(X/T ) (resp. GN1(X/T )) and N
1(X/T ) (resp. N1(X/T )).
If t ∈ T is very general, then the natural maps N1(X/T ) → N1(Xt) and N1(Xt) →
N1(X/T ) are isomorphisms, since, as we have already mentioned, we have GN
1(X/T )|t =
N1(Xt) and GN1(X/T )|t = N1(Xt). The following lemma implies that in fact this holds
for a general t ∈ T .
Lemma 6.6. There exists a nonempty open subset T ◦ ⊆ T such that the natural maps
N1(X/T )→ N1(Xt) and N1(Xt)→ N1(X/T ) are isomorphisms for every t ∈ T
◦.
Proof. By Verdier’s generalization of Ehresmann’s theorem [Ver76, Corollaire (5.1)], there
is a nonempty open set T ◦ ⊆ T such that the restriction f◦ : X◦ → T ◦ of f to X◦ :=
f−1(T ◦) is a topologically locally trivial fibration.
If t ∈ T ◦ is very general, then we know that N1(X/T )Q → N
1(Xt)Q is an isomorphism.
On the other hand, ρ(Xt) is constant for t ∈ T
◦, since the fibers are Fano varieties
and the fibration is topologically locally trivial. So to conclude, it suffices to show that
N1(X/T )Q → N
1(Xt)Q is surjective for every t ∈ T
◦.
Fix an arbitrary t ∈ T ◦, and let ∆ ⊆ T ◦ be a contractible analytic neighborhood of t.
Let f∆ : X∆ := f
−1(∆)→ ∆ be the restriction of f . Since f∆ is topologically locally trivial
and ∆ is contractible, the restriction map H2(X∆,Z)→ H
2(Xt,Z) is an isomorphism. In
particular, if Lt is a line bundle on Xt, then c1(Lt) extends to a cycle γ ∈ H
2(X∆,Z). The
restriction γ|Xu of γ to any other fiber Xu of f∆ is equal to the first Chern class of some
line bundle Lu, since Pic(Xu) ∼= H2(Xu,Z). As we can take u ∈ ∆ to be a very general
point of T ◦, we can find a class ξ ∈ N1(X/T )Q restricting to [Lu]. After re-scaling, we
can assume that ξ = [L] for some line bundle on X. Using a topological trivialization
X∆ ≈ Xu ×∆ that induces an isomorphism H
2(X∆,Z) ∼= H
2(Xu,Z) sending γ to γ|Xu ,
we see that c1(L)|X∆ = γ. This implies that c1(L|Xt) = c1(Lt), and hence that L|Xt = Lt.
This proves that N1(X/T ) → N1(Xt) is an isomorphism for every t ∈ T
◦. The state-
ment on N1(Xt)→ N1(X/T ) follows by duality. 
Back to the proof of the proposition, we fix now an arbitrary point 0 ∈ T . If 0 ∈ T ◦,
then there is nothing to prove. Suppose otherwise that 0 6∈ T ◦. After shrinking T , we may
assume that T ◦ = T \ {0}. We also assume that T is affine. Shrinking further T around
0 if necessary, we can find a log resolution
g : Y → X
of (X,X0), with the property that N
1(Y ◦/T ◦)→ N1(Yt) is an isomorphism for all t ∈ T
◦,
where Y ◦ = g−1(X◦). By taking general complete intersections of very ample divisors
forming a basis of N1(Y ◦/T ◦), we can find families of curves C1,t, . . . , Cr,t ⊆ Yt := g
−1(Xt),
dominating T ◦, whose classes generate N1(Yt) for every t ∈ T
◦. We deduce that any curve
in a fiber of Y → T is numerically equivalent to a 1-cycle supported inside Y0.
By construction, Y0 is a divisor with simple normal crossing support. After taking
a base change, we may also assume that Y0 is reduced. Denote by g0 : Y0 → X0 the
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restriction of g, and consider the commutative diagram
N1(Y/T )
r′ // H2(Y0,R)
N1(X/T )
?
g∗
OO
r // N1(X0) H
2(X0,R).
?
g∗0
OO
The sheaf GN1(Y/T ) is a local system with trivial monodromy, and thus is a locally
constant sheaf. It follows that if ∆ ⊂ T is a contractible analytic neighborhood of 0 and
Y∆ ⊂ Y is its inverse image, then there are natural identifications (the second one induced
by restriction)
N1(Y∆/∆) = GN
1(Y/T )(∆) = GN1(Y/T )(T ) = N1(Y/T ).
Therefore we can apply [KM92, (12.1.1)], which says that the restriction map r′ is an
isomorphism. We need to show that r is an isomorphism as well.
If α ∈ N1(X0) = H
2(X0,R) is an integral point, then we have g
∗
0α = r
′([L]) for some
line bundle L on Y . Observe that L|Y0 is numerically trivial over X0. Since any curve
in a fiber of g is numerically equivalent to a 1-cycle supported on a fiber of g0, it follows
that L is numerically trivial over X. Considering L as a divisor, we take the push-forward
g∗L, which is Q-Cartier since X is Q-factorial. Applying the negativity lemma to both
L− g∗g∗L and its opposite, we conclude that L = g
∗g∗L. It follows then by the injectivity
of g∗0 and the commutativity of the diagram that r([g∗L]) = α. This proves that r is
surjective.
Let ξ ∈ N1(X/T ) be any nonzero element. Since ξ 6= 0, there is a curve C in a fiber of
f such that ξ · C 6= 0. Since any curve C ′ on Y mapping to C is numerically equivalent
to a 1-cycle supported inside Y0, it follows that C is numerically equivalent to a 1-cycle
(with rational coefficients) γ supported inside X0. Since r(ξ) · γ = ξ · C 6= 0, we conclude
that r(ξ) 6= 0. This shows that r is injective.
Therefore N1(X/T ) → N1(X0) is an isomorphism, and hence, by duality, N1(X0) →
N1(X/T ) is an isomorphism as well. This proves the proposition. 
Using these local systems, the property sought in Question 6.1 (including its conse-
quences on the behavior under deformations of nef cones and Mori cones) can be restated
as follows. Suppose that f : X → T is a family satisfying the conclusions of Question 6.1.
Let ρ be the Picard number of a (equivalently, any) fiber of f . Then there is a local system
GΣ on T , with fibers equal to a finite polyhedral decomposition Σ of a cone in Rρ (with
a forgetful morphism Σ→ Rρ), and a map of local systems GΣ→ GN1(X), such that the
induced maps of fibers
Σ = GΣ|t → GN
1(X/T )|t = N
1(Xt)
gives the Mori chamber decomposition of Mov1(Xt) for every t ∈ T . In particular, there
are local subsystems of cones GNef(X/T ) ⊂ GN1(X/T ) and GNE(X/T ) ⊂ GN1(X/T ) with
fibers
GNef(X/T )|t = Nef(Xt) and GNE(X/T )|t = NE(Xt)
for every t ∈ T .
Remark 6.7. A positive answer to Question 6.1 would imply that, for every t, u ∈ T
and every path γ from t to u, there are natural isomorphisms N1(Xt) → N
1(Xu) and
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N1(Xt)→ N1(Xu) (depending on γ) compatible with the above chamber decompositions
and cones.
It was observed by Mustat¸a˘ and Lazarsfeld that, as a direct application of extension
theorems, in the hypotheses of the conjecture, the pseudo-effective cones of the fibers of f
are locally constant in the family. In other words, using the formalism introduced above,
there is a local subsystem of cones GPEff(X/T ) ⊂ GN1(X/T ) with fiber GPEff(X/T )|t =
PEff(Xt) for every t ∈ T . For this result, one only needs a small generalization of Siu’s
invariance of plurigenera, which is well-known (equivalently, one can apply Theorem 4.5).
In a similar vein, we have the following result for the moving cone. Note that the Mori
chamber decompositions are supported on the moving cones.
Theorem 6.8. Let f : X → T be a flat projective family over a smooth curve of Fano
varieties with Q-factorial terminal singularities.
Then there is a local subsystem of cones GMov1(X/T ) ⊂ GN1(X/T ) with fiber
GMov1(X/T )|t = Mov
1(Xt),
the moving cone of Xt, for every t ∈ T .
Proof. After base change, we can assume without loss of generality that GN1(X/T ) has
trivial monodromy, and thus the natural homomorphism N1(X/T ) → N1(Xt) is an iso-
morphism for every t ∈ T by Proposition 6.5.
Since by Theorem 4.5 all the sections of the restriction to X0 of any line bundle L
extend to X, it follows that if |L|X0 | is a movable linear system, then so is |L|Xt | for every
t near 0. Thus, to prove the proposition, we need to show that if L is a relatively big line
bundle whose restriction L|Xt is in the interior of Mov
1(Xt) for every t 6= 0, then L|X0 is
movable as well.
Suppose otherwise that L|X0 is not movable. After perturbing L and re-scaling, we
may assume that L|X0 6∈ Mov
1(X0). We can find an effective Q-divisor D on X such
that KX + D ∼Q λL for some λ > 0 and (X,D) is a Kawamata log terminal pair with
canonical singularities. We fix a ≫ 0 and run a minimal model program for (X,D)
directed by D − aKX . On a general fiber Xt (t 6= 0) this minimal model program is a
composition of flips, as the stable base locus of L|Xt does not contain any divisor. On the
other hand, on the central fiber X0 the induced minimal model program (cf. Theorem 4.1)
must contract, at some point, the divisorial components of the stable base locus of L|X0 .
Since −KX0 is relatively ample with respect to any extremal contraction occurring in such
minimal model program, at each stage the central fiber (i.e., the proper transform of X0)
has terminal singularities. Therefore, once we reach the step where a divisor on the central
fiber is being contracted, we obtain a contradiction with part (b) of Theorem 4.1. 
A partial answer to Question 6.1 comes from the following result. In view of Totaro’s
examples (cf. [Tot09]), the conditions imposed in cases (a) or (b) would seem to be
optimal.
Theorem 6.9. Question 6.1 has a positive answer in the following cases:
(i) dimX0 ≤ 3.
(ii) dimX0 = 4 and X0 is 1-canonical (e.g., KX0 is Cartier).
(iii) X0 is toric.
Proof. We first observe that each property assumed in the above cases (i)–(iii) is preserved
throughout the steps of a minimal model program of X over T . After base change, we can
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assume without loss of generality that GN1(X/T ) has trivial monodromy and the natural
homomorphism i∗t : N
1(X/T )→ N1(Xt) is an isomorphism for every t ∈ T .
After shrinking T around 0, we can assume that the Mori chamber decomposition of
the fibers of f is constant away from the central fiber, so that there is a finite polyhedral
decomposition Σ of a cone in N1(X/T ) which induces, for t 6= 0, the Mori chamber
decomposition Σt of N
1(Xt).
Indeed, by running log minimal model programs for Kawamata log terminal pairs (X,D)
such that KX + D is in the interior of Mov
1(X/T ), and applying Theorem 4.1, we see
that the Mori chamber decomposition of Mov1(X/T ) is a refinement of the Mori chamber
decomposition of Mov1(Xt) for any fiber Xt. On the other hand, suppose that KX+D lies
on a wall between two Mori chambers of Mov1(X/T ) while, for some t ∈ T , the restriction
KXt +D|Xt lies in the interior of a Mori chamber of Mov
1(Xt). Fix a general relatively
ample effective divisor A, so that KX + D + ǫA is in the interior of a Mori chamber of
Mov1(X/T ) for all 0 < ǫ ≪ 1, and fix such an ǫ. Then, working over T , the contraction
Z → W from the minimal model Z of (X,D + ǫA) to the canonical model W of (X,D)
is as isomorphism on Xt for t ∈ T chosen as above, and hence it is an isomorphism over
a dense open subset of T . Using the fact that the decomposition of Mov1(X/T ) is finite,
we can eliminate all the fibers, other than X0, on which these type of contractions are
nontrivial, to reduce to the situation where the Mori chamber decomposition of the fibers
of f is constant away from the central fiber.
By Theorem 6.8, the cone of movable divisors of Xt is locally constant, and thus the
Mori chamber decomposition Σ0 of N
1(X0) is supported on the same cone which supports
the decomposition i∗0(Σ) induced by Σ via the isomorphism i
∗
0 : N
1(X/T ) → N1(X0). A
priori, the Mori chamber decomposition Σ0 is a refinement of the decomposition i
∗
0(Σ),
and the statement of the theorem is that the two decompositions agree.
Suppose by contradiction that Σ0 is finer than i
∗
0(Σ). Let ∆ be an effective big Q-divisor
on X not containing any of the fibers of f and such that ∆|Xt is in the interior of a Mori
chamber Mt of Xt if t 6= 0, whereas ∆|X0 lies on a wall separating two contiguous Mori
chambers M0 and M
′
0 of X0. We can assume that ∆ = A + B, where A is an effective
ample Q-divisor and B is an effective Q-divisor. If A is chosen generally, then we can
furthermore assume that every small perturbation (∆ + rA)|X0 , for r 6= 0, of ∆|X0 does
not lie on the wall separating M0 and M
′
0.
For m sufficiently divisible, we fix a general H ∈ | − KX |, and consider the divisor
D := 1mH + ∆. After re-scaling ∆, we can assume that (X,D) is a Kawamata log
terminal variety with terminal singularities. Note that, if |r| ≪ 1, then D+ rA is effective
and (X,D + rA) is a Kawamata log terminal variety with terminal singularities.
We consider a small perturbation ∆ + ǫA, where 0 < ǫ ≪ 1 is a rational number.
Suppose that, for t = 0, the Mori chamber containing (∆ + ǫA)|X0 is M0. Note that
(∆− ǫA)|X0 is in the interior of M
′
0, if ǫ is sufficiently small.
We run a minimal model program for (X,D+ ǫA) over T . This gives a sequence of flips
φ : X 99K Z, ending with a log minimal model Z over T . By Theorem 4.1, φ restricts to
a sequence of flips φt : Xt 99K Zt on every fiber Xt of t. These maps induce isomorphisms
N1(Xt)→ N
1(Zt), and the Mori chambers Mt are mapped, via such isomorphisms, to the
nef cones Nef(Zt).
On Z we consider the divisor Γ := φ∗(D − ǫA). If ǫ is sufficiently small, then (Z,Γ)
is a Kawamata log terminal pair with canonical (in fact, terminal) singularities, and the
restriction of the stable base locus of Γ over T to any fiber Zt does not contain any
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divisorial component. Note also that the maps N1(Z/T )→ N1(Zt) are isomorphisms for
every t ∈ T . It follows by Corollary 5.8 that the nef value of the restriction of this pair to
any fiber against any ample divisor on Z is constant, if anywhere positive. This however
is not the case. Indeed, the divisor KZt + Γ|Zt is ample for all t 6= 0, and is not nef if
t = 0. This gives a contradiction, and hence completes the proof of the theorem. 
As we shall see in the next section, the invariance of the Mori chamber decomposition
when X0 is a toric variety is just a hint of a much stronger rigidity property.
7. Rigidity properties of toric Fano varieties
This last section is devoted to the proof of the following result. Throughout the proof,
all divisors will be chosen in such a way that the restrictions considered throughout are
well defined.
Theorem 7.1. Simplicial toric Fano varieties with at most terminal singularities are rigid
under small projective flat deformations.
Proof. Let X0 be a simplicial (and hence Q-factorial) toric Fano variety with at most
terminal singularities, and suppose that f : X → T is a projective flat deformation of X0
over a smooth pointed affine curve T ∋ 0. After shrinking T near 0, we can assume that
X has terminal Q-factorial singularities, and that all fibers Xt are terminal Q-factorial
Fano varieties. By also taking a base change if necessary, we can furthermore assume that
N1(X/T )→ N1(Xt) is an isomorphism for all t ∈ T (cf. Proposition 6.5).
Lemma 7.2. After a suitable base change of f , the restriction map Cl(X/T ) → Cl(X0)
is an isomorphism.
Proof. The morphism f : X → T can be extended to a morphism f : X → T , where X and
T are completions of X and T into projective varieties. We assume that X is normal. Let
S ⊆ X be the intersection of dimX−3 general hyperplane sections, and denote S = S∩X
and S0 = S ∩X0. Since X is terminal, the singular locus of X has codimension ≥ 3. Thus
we can assume that S is smooth. In fact, by shrinking T near 0, we can also assume that
the restricted morphism S → T is a smooth family of surfaces.
By [KM92, Proposition 12.2.5], the local system GN1(S/T ) has finite monodromy. After
a suitable base change of f , we may assume that the monodromy is trivial, and hence that
for every t ∈ T the restriction map N1(S/T ) → N1(St) is an isomorphism. Observe that
H1(OSt) = 0 for every t, since St is a complete intersection of hyperplane sections of
Xt and H
1(OXt) = 0. We deduce that there is an injection Pic(St) →֒ H
2(St,Z) whose
cokernel is contained in H2(OSt), and hence is torsion free.
Since X0 is toric, the class group Cl(X0) is finitely generated; we fix a finite set of gener-
ators. Let D be any of the selected generators, and consider its class δ = c1(OS0(D|S0)) ∈
H2(S0,Z). Note that, for some integer m ≥ 1, there is a line bundle L on X such that
c1(L|S0) = mδ. Since S → T is smooth, and thus topologically locally trivial, for every
t ∈ T there is an isomorphism hγ : H
2(S0,Z)→ H
2(St,Z), possibly depending on a path γ
joining 0 to t. By construction, we have c1(L|St) = hγ(mδ), and thus hγ(mδ) is in the im-
age of Pic(St). Since the cokernel of Pic(St) →֒ H
2(St,Z) is torsion free, this implies that
hγ(δ) is in the image of Pic(St). We fix a divisor Bt on St such that c1(OSt(Bt)) = hγ(δ).
Using an Hilbert space argument, we conclude that, if t is very general, then the divisor
Bt belongs to a (one dimensional) algebraic family dominating T . After taking a base
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change, we can assume that Bt moves in a family parametrized by T . We obtain in this
way a divisor B on S such that c1(OS0(B|S0)) = c1(OS0(D|S0)), and thus B|S0 ∼ D|S0 .
Since in this process we are only considering finitely many divisors (namely, the selected
generators of Cl(X0)), we conclude that, after a suitable finite base change, the image of
the restriction map Cl(S/T ) → Cl(S0) contains the image of Cl(X0) → Cl(S0). Note
that both restriction maps are injective: the injectivity of Cl(S/T ) → Cl(S0) follows by
the fact that S → T is a smooth morphism to an affine curve, and the injectivity of
Cl(X0) → Cl(S0) by the main theorem of [RS06]. Taking closure in S of divisors on S
gives a splitting of the surjection Cl(S/T )→ Cl(S/T ). Moreover, applying again the main
theorem of [RS06], we see that the restriction map Cl(X) → Cl(S) is an isomorphism.
Altogether, we have a commutative diagram
Cl(X/T )
∼=

// Cl(X/T )

// Cl(X0) _

Cl(S/T ) // // Cl(S/T )
∼= //
ww
Im
(
Cl(S/T )→ Cl(S0)
)
,
which shows that the map Cl(X/T )→ Cl(S/T ) is surjective. One observes that this map
is also injective (and hence an isomorphism), since, again by [RS06], it induces an injection
Cl(Xt)→ Cl(St) for every t ∈ T . We conclude by the diagram that Cl(X/T )→ Cl(X0) is
an isomorphism. 
We consider the total coordinate ring R0 of X0 (cf. [Cox95]). This ring, which is defined
in terms of the combinatorial data attached to the fan defining the toric variety X0, can
equivalently be described as
R0 =
⊕
[D]∈Cl(X0)
H0(OX0(D)).
This is a polynomial ring, with product compatible with the multiplication maps
H0(OX0(D))⊗H
0(OX0(D
′))→ H0(OX0(D +D
′)).
If Σ is the fan attached to the toric variety, then
R0 = C[x0,1, . . . , x0,r],
where each variable x0,i corresponds to a ray of Σ and is identified with the primitive
generator of the ray, which defines a toric invariant divisor on X0. We will denote such
divisor by Div(x0,i).
By the lemma, after suitable base change, the restriction map Cl(X/T )→ Cl(X0) is an
isomorphism. We consider the ring
Rt =
⊕
[A]∈Cl(X/T )
H0(OXt(A)).
Note that for t = 0 this gives the ring R0 previously defined.
There is a natural Cl(X0)-grading on the ring R0 (cf. [Cox95]), or equivalently, a
Cl(X/T )-grading. We fix an ample divisor H on X. By taking intersections with
HdimX0−1, we obtain a Z-grading on Cl(Xt) for each t, and hence on Cl(X/T ). For
every divisor A on X and every t, we denote
deg(A) = deg(A|Xt) := A|Xt ·H
dimXt−1.
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This gives a Z-grading on each Rt. According to this grading, R0 is a (positively) weighted
polynomial ring. We set
m = min
1≤i≤r
deg(Div(x0,i)), M = max
1≤i≤r
deg(Div(x0,i)).
Since −KX is relatively ample over T , it follows by Theorem 4.5 that, for every [A] ∈
Cl(X/T ) and every t ∈ T , the restriction map H0(OX(A)) → H
0(OXt(A)) is surjective.
For every integer d ≥ 0, we consider the locally free sheaf
E≤d :=
⊕
[A]∈Cl(X/T )
deg(A)≤d
f∗OX(A).
Let E≤d be the associated vector bundle. The fiber of E≤d over t ∈ T is given by
E≤d|t :=
⊕
[A]∈Cl(X/T )
deg(A)≤d
H0(OXt(A)),
which is a direct summand of Rt. Note that E
≤d is a trivial vector bundle on T .
The elements x0,i ∈ R0, each thought as a section of the appropriate sheaf, deform
away from the central fiber, to elements xt,i ∈ Rt. For every t ∈ T , we consider the
homomorphism of C-algebras
Φt : C[x1, . . . , xr]→ Rt, xi 7→ xt,i.
We claim that this map is an isomorphism of C-algebras for infinitely many t ∈ T . Note
that, to this end, it suffices to check that Φt is bijective.
For every e, d ≥ 0, the homomorphism Φt induces a linear map of vector spaces
Φe,dt : C[x1, . . . , xr]
≤e →
⊕
[A]∈Cl(X/T )
deg(A)≤d
H0(OXt(A)),
whereC[x1, . . . , xr]
≤e is the subspace of C[x1, . . . , xr] generated by the monomials of degree
≤ e. As t varies, we obtain a map of vector bundles
Φe,d : T × C[x1, . . . , xr]
≤e → E≤d.
Fix an arbitrary e ≥ 1. Since the map Φe,Me0 is injective, we have that Φ
e,Me
t is injective
for every t in an open neighborhood of 0. Similarly, the map Φe,me0 is surjective, and thus
Φe,met is surjective for t in an open neighborhood of 0. We conclude that Φt is a bijection
for infinitely many values of t ∈ T (in fact, for t very general).
Therefore Rt is isomorphic to a polynomial ring for infinitely many t ∈ T , and we
obtain an isomorphism of rings (depending on the choice of the extensions xt,i of the
sections x0,i) between Rt and R0. In particular, if L is a relatively ample divisor on
X, then this isomorphism maps the subring
⊕
m≥0H
0(OXt(mL)) of Rt to the subring⊕
m≥0H
0(OX0(mL)) of R0. This establishes an isomorphism between such subrings, and
therefore we obtain an isomorphism
Xt = Proj
(⊕
m≥0
H0(OXt(mL))
)
∼= Proj
(⊕
m≥0
H0(OX0(mL))
)
= X0
for infinitely many values of t ∈ T , which shows that the deformation is locally trivial. 
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Remark 7.3. Using the degenerations of P1 × P1 into a quadric cone or F2 discussed in
Remark 4.4, one sees immediately that the theorem fails for smooth toric varieties that
are just weak Fano or log Fano, or if the singularities are canonical but not terminal. The
degenerations studied in [Bat04] show that the theorem fails for toric Fano varieties with
terminal singularities that are not simplicial (that is, not Q-factorial).
Remark 7.4. The arguments of the proof of Theorem 7.1 also show that if f : X → T is
a projective flat deformation of a Fano variety X0 with Q-factorial terminal singularities,
then the total coordinate ring R(t) of a nearby fiber Xt is a flat deformation of the total
coordinate ring R(0) of X0.
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